Correlation fo Earing and Texture in Weakly Orthotropic Sheets of Cubic Metals by Man, Chi-Sing
CORRELATION OF EARING AND TEXTURE 
IN WEAKLY ORTHOTROPIC SHEETS OF CUBIC METALS 
Chi-Sing Man 
Department of Mathematics 
University of Kentucky 
Lexington, Kentucky 40506 
INTRODUCTION 
It has long been recognized that the earing of deep-drawn cups is due to the 
anisotropy of rolled sheets (cf. Hill [1] and the references therein). Earlier 
experimental studies show indications that the percent earing cr of rolled sheets 
might be correlated to their planar anisotropy ~r [2,3] or to the parameter ~r/if [4], 
where if is the average (plastic) strain ratio. Attempts [5-8] have been made to 
correlate earing behavior with polycrystalline texture, among which are two recent 
studies [7, 8] on aluminum sheets that report correlation of cr with the coefficient 
W440 of the orientation distribution function [9]. 
Lu et al. [7] performed cup-drawing tests and ultrasonic measurements on 
AA3004 aluminum specimens that had subjected to various heat treatments and had 
different reduction ratios in cold rolling. They found a linear correlation between the 
percent earing cr and the elastic anisotropic parameter Q3 (proportional to the 
texture coefficient W440 ), which they measured by using SHo plate waves. This 
finding of Lu et al. was corroborated by that of Thompson et al. [8], whose data on 
3I04-HI9 aluminum samples scatter about the same straight line that fits the data of 
Lu et al. In the words of Thompson et al., "[t]he fact that the two data, obtained on 
two different alloys made by two different manufacturers and sensed by two different 
wave types, fits together so nicely on a single plot suggests the existence of an 
underlying correlation which deserves further study." 
The correlation of Q3 and cr in aluminum sheets, if corroborated by further 
studies, is another instance of the correlations that we find empirically among elastic 
and plastic anisotropic parameters of sheet metals. The best documented examples in 
this vein are the correlation of if and E == (E(O) + E(7r/2) + 2E(7r/4))/4, and that of 
~r and ~E == (E(O) +E(7r/2) -2E(7r/4))/2 in steel sheets [10, ll]j here E(O) denotes 
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the Young's modulus measured on a coupon cut at an angle () with respect to the 
rolling direction of the sheet in question. As a generalization of these experimental 
findings, Man [12, 13] sought a simple yield function that would embody correlation 
of elastic and plastic anisotropy for homogeneous, weakly orthotropic sheets of cubic 
metals. Here by "weakly" orthotropic is meant that the sheets are weakly textured: 
the material points of the sheets are orthotropic but nearly isotropic. Within the class 
of quadratic yield functions introduced by Hill [14] in 1948, Man [13] characterized 
completely the subclass of yield functions that would manifest such correlation. Each 
member of this subclass contains 5 material parameters: the texture coefficients W400 , 
W420 and W440 , which can be ascertained by elastic measurements [15, 16], and the 
parameters f3 and Yo, which are peculiar to the plastic behavior of the sheet metal. In 
particular Yo is the uniaxial yield stress in the isotropic limit, i.e., when the 
underlying crystallites of the sheet metal are randomly oriented. 
The present paper is a preliminary study on the relationship between earing 
behavior and texture coefficients for idealized materials whose yield functions fall into 
the aforementioned subclass. In what follows we refer to tensors simply by writing 
their general Cartesian component; e.g., we write the Cauchy stress tensor Tij, the 
elastic compliance tensor Kijkl, etc. A particular component of a tensor is obtained 
by giving each of the suffixes the appropriate values 1, 2, or 3. For fourth-order 
tensors which enjoy both the major and minor symmetries, we sometimes express 
their components in the abbreviated subscripts notation (cf. Auld [17], Eq. (3.19)) 
which parallels that for the elastic compliance tensor, namely KIJ (/, J = 1,' .. ,6). 
As usual, we denote the (second-order) identity tensor by bij, and we use a repeated 
letter suffix to denote a sum of terms obtained by assigning that letter all its possible 
values (e.g., 1,2, and 3 for lowercase letters i, j, k, etc.). 
CORRELATION OF ELASTIC AND PLASTIC ANISOTROPY 
Sheet metals are commonly polycrystalline aggregates of cubic or hexagonal 
crystallites. If the crystallites in the aggregates are randomly oriented, then the 
mechanical behavior of the sheet metal will be isotropic. The manufacturing process 
of rolling, however, usually induces a preferred orientation to the crystallites so that 
in the continuum description material points of a sheet metal are orthotropic, while 
the crystallites possess cubic or hexagonal symmetry. Henceforth we restrict our 
attention to homogeneous orthotropic sheets of cubic metals, and we always adopt a 
Cartesian coordinate system under which the X, Y, and Z coordinate axes fall in the 
rolling direction, the transverse direction, and the direction normal to the plane of 
the sheet, respectively. 
The elastic properties of a material are defined by its compliance tensor K ijk1 . In 
this paper we assume that the compliance tensor K ijk1 of the material points in 
question can be unambiguously written as the sum of an isotropic part Kijkl and an 
anisotropic part K~jkl: 
K ijk1 = Kijkl + K;jkl' (1) 
For sheet metals Kijk/ is what the compliance tensor would be if the crystallites are 
randomly oriented. For orthotropic sheets of cubic metals, when the orthotropic 
anisotropy is weak, the Voigt, Reuss, and Hill averaging procedures all lead to the 
same formal expressions for the components K ijk1 • In the abbreviated subscripts 
notation, we can write down explicit expressions for the non-zero components of the 
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compliance tensor as follows [15]: 
-110 (K23, K13 , K12 ) = Eo (1,1,1) + K( 154 , bs, 156 ), 
1 (K44' Kss , K66 ) = -(1,1,1) + 4K( 154 , bs, 156 ); 
J.to 
(2) 
here J.to, Eo, and 110 are the shear modulus, Young's modulus, and Poisson ratio in the 
isotropic limit, respectively; K is an anisotropic factor that depends on the 
single-crystal elastic constants; 
and 
154 = -(16V21r2/35)(W4oo + J5i2 W420 ), 
bs = -(16V21r2/35)(W4oo - J5i2 W420 ) , 
156 = (4V21r2 /35)(W400 - J70 W440 ) , 
(3) 
(4) 
where W400 , W420 , and W440 are texture coefficients [9]. The Voigt, Reuss, and Hill 
averaging procedures result in the same isotropic bulk modulus but different values of 
J.to and K. For our discussion below, however, it is the form of the expressions in Eq. 
(2) that really matters. A glance at Eq. (2) reveals what the isotropic and anisotropic 
part of the compliance tensor should be. For instance, we have K~l = -2Kb1, 
K~3 = Kb4 , K~4 = 4Kb4,"', etc. 
To describe the plastic anisotropy of rolled metal sheets, Hill ([14]; d. also [1], 
Ch. 12) introduced in 1948 a class of quadratic yield functions, which has been 
adopted by many researchers in their studies on metal forming. Under the chosen 
coordinate system, Hill's quadratic yield function f is given by 
2f(Tij) = F(T22 - T33? + G(T33 - Tll)2 + H(Tll - T22)2 
+2LTi3 + 2MT;3 + 2NT122, 
and his yield criterion assumes the form 
here Tij are the components of the Cauchy stress tensor, and F, G, ... ,N are 
"parameters characteristic of the current state of anisotropy" . 
(5) 
(6) 
We consider a homogeneous sheet of cubic metal whose behavior in plastic 
deformations is governed by a yield function f of the form given in Eq. (5). When the 
crystallites are randomly oriented, the material points of the sheet are isotropic in the 
continuum description and Hill's quadratic yield criterion reduces to that of von 
Mises, which may be written as 
3 
2Y20'ijO'ij = 1, 
o 
(7) 
1925 
where O"ij = Tij - (Tkk /3)8ij is the deviatoric stress and Yo is the uniaxial yield stress. 
In general, Hill's quadratic yield function can be put in the form [13] 
(8) 
where Yo is now the uniaxial yield stress in the isotropic limit and the tensor Gijkl 
vanishes in the isotropic limit. The tensor Gijkl accounts for the plastic anisotropy of 
the material. 
Now we raise the following question: Suppose that the plastic anisotropic 
parameters of the sheet metal in question are linearly correlated to their elastic 
counterparts. What restrictions would this property impose on the yield function f 
as given in Eq. (8)? To proceed, clearly we must first make precise what we mean by 
"linear correlation of elastic and plastic anisotropy". Man [13] chosed a suitable 
definition to that effect and showed that Gijkl in Eq. (8) must then be related to Kijkl 
in Eq. (1) by 
GijklO"ijO"k/ = b Kijk/O"ijO"kl (9) 
for each symmetric tensor O"ij whose trace is null; here b is a constant. It follows from 
Eq. (2), (8), and (9) that the parameters F, G,· .. , N in Eq. (5) must assume the 
following form: 
(F,G,H) (10) 
1 3 (L,M,N) = Y2(-(1,1,1) + 2,8(84 , 8s, 86 )), 
o 2 
(11) 
where Yo and ,8 = ",by'} are constants, and the 8[ (I = 4,5,6) are expressed in terms 
of the texture coefficients in Eq. (4). Hence each member of this subclass is specified 
by two material parameters (Yo and ,8) and three texture coefficients, namely W400 , 
W420 , and W440 . 
The subclass of yield functions as defined by Eqs. (5), (10), and (11) has led to 
some interesting predictions [12]. Consider a batch of samples that have the same 
values of Eo, "', and ,8 but possibly have different 1';,2 values. Let r( 0) and E( 0) be the 
plastic strain ratio and the Young's modulus measured on a coupon cut at an angle 0 
with respect to the rolling direction, respectively. We assume that during the 
measurements the sheets in question are in plane stress. Then it can be shown [12] 
that to first order in the products ,8W400 , ,8W42o and ,8W440 , 
1 7r 7r 
f == 4'(r(O) + r(2') + 2r('4)) (12) 
1 7r 7r 
Llr == -(reO) + r(-) - 2r(-)) 
2 2 4 
(13) 
Similarly, to first order in ",Eo W400 , ",Eo W420 and ",Eo W440 , we find 
- 1 7r 7r 
E == 4'(E(O) + E(2') + 2E('4)) (14) 
1 7r 7r LlE == -(E(O) + E(-) - 2E(-)) 
2 2 4 
(15) 
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From Eqs. (12) and (14), we observe that 
_ 10,8-
r = 1 + -E2 (E - Eo). 3K 0 
Similarly we obtain from Eqs. (13) and (15) the relation 
2,8 ~r = - E2 ~E. 
K 0 
(16) 
(17) 
Hence, in addition to predicting the linear correlations in Eqs. (12)-(17), the present 
theory dictates also that the slopes of the two straight lines of f versus E and of ~r 
against ~E has a ratio of -5/3. While one may expect that Eqs. (8), (9), and the 
assumption of weak anisotropy would lead to various linear correlations between 
plastic and elastic anisotropic parameters, this slope ratio of -5/3, universal in the 
sense that it is independent of Kijk /, ,8 and 1';,2, is not an obvious consequence. 
This predicted slope ratio of -5/3 is corroborated by the data of Stickels and 
Mould [10] on low-carbon steel. For their 24 samples with f :::; 1.50, the slope ratio in 
question is found [12] to be -1.6 ± 0.2. A glance at Figs. 4 and 5 of Miiller [11] 
reveals that the predicted slope ratio of -5/3 is also consistent with his data on steel. 
As K > 0 for steel, it is clear from these experimental data that ,8 > 0 for steel. 
CORRELATION OF EARING AND TEXTURE 
As pointed out by Bourne and Hill [18], "the state of stress and strain in a 
circular blank which is being deep-drawn into a cup can, in principle, be calculated 
from [the yield function f] along with some assumed law of work-hardening under 
combined stress. The positions and gradual development of the ears would be 
included in the results of the analysis. However, ... the analysis becomes extremely 
involved when the blank is anisotropic." Indeed, while a literature search will quickly 
lead one to several numerical studies, no analysis that bears general theorems seems 
to be as yet available. 
Bourne and Hill then resorted to "some simpler method ... for predicting the 
earing positions." Their method is based on assumptions and empirical observations 
outlined earlier by Hill [14]. It gives predictions on the number and positions of ears 
and hollows when the values of the six parameters F, G,· .. ,N that define f (d. Eq. 
(5)) are known. As these parameters are given by Eqs. (10) and (11) in the present 
theory, their results can be easily paraphrased in terms of our parameters ,8, Yo, W400 , 
W420 and W440 • For sheets in plane stress, this "simpler method" predicts that earing 
positions will be determined by only two texture coefficients, namely W420 and W440 • 
First, let us recapitulate Hill's method [14] and its underlying assumptions: 
Earing begins while the blank is being drawn towards the shoulder of the 
die· .. , and it is observed that the final positions of the ears coincide 
approximately with their initial positions. It should be sufficient, 
therefore, to analyse the stress and strain distribution immediately after 
drawing begins, when the rim has just started to move towards the die 
aperture .... on the rim the circumferential stress is the only non-zero 
stress component in the plane of the sheet. ([1], p. 329) 
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In view of the approximate symmetry of the deformation about the tip of 
an ear or the bottom of a hollow, it seems a reasonable assumption (Hill 
1948) that the ears and hollows develop at the points on the rim where 
the principal axes of the stress and the strain-increment coincide .... 
Now, when the yield criterion and stress-strain equations are connected on 
the plastic potential basis, Hill has shown that the initial yield stress has 
stationary values in the directions for which the axes of stress and strain 
coincide. It is natural to assume, therefore, that the ears form in the 
positions where the (circumferential) yield stress is initially a minimum 
(numerically) and the hollows where it is a maximum. [18] 
Let u( B) be the tensile yield stress measured on a coupon cut at an angle B with 
respect to the rolling direction. According to the heuristic method of Hill, the 
positions of ears and hollows of a deep-drawn cup could be predicted from the 
function u(·). If a renders u(·) an isolated relative minimum (resp. maximum), then 
ears (resp. hollows) will develop at the rim in the direction defined by the angle 
7r /2 + a (or a - 7r /2) and by virtue of orthotropic symmetry also in the direction 
7r/2 - a (or 37r/2 - a), where these angles are measured from the X-axis (which falls 
in the rolling direction). In other words, the earing directions in question make an 
angle a with the transverse direction of the sheet. If we stretch this logic further, we 
would conclude that the longest ears and the deepest hollows will occur at the 
positions defined by those a at which u(·) attains its absolute minimum and absolute 
maximum, respectively. Finding earing positions is thus reduced to an exercise in 
elementary calculus. 
For definiteness, henceforth we assume /3 > O. We consider first the case of plane 
stress. By putting Ti3 = 0 (i = 1,2,3), Tn = u cos2 B, T12 = u sin B cos Band 
T22 = usin2 B, we obtain from Eqs. (4), (5), (6), (10) and (11) the equation 
( 12V2 2 16V5 2 8V35 2 -1/2 U = Yo 1 + 357r /3W400 - 357r /3W420 cos 2B + 357r /3W440 cos 4B) . (18) 
If W420 = W440 = 0, u(·) is a constant function and we have the case of planar 
isotropy. Otherwise those a which render du / dB = 0 satisfy the equation 
sin 2a(W42o - 2J7W440COS 2a) = O. (19) 
To locate the positions of ears and hollows, we must distinguish the isolated minima 
of the function u(·) from the maxima. In summarizing our findings we write, for 
brevity, RD and TD for the "rolling direction" and the "transverse direction" , 
respectively. 
We distinguish nine possibilites: 
1. planar isotropy: W420 = W440 = 0, no earingj 
2. IW420 1 ~ 2V71 W440 I , W420 > 0: two ears, ears in RD, hollows in TDj 
3. IW420 1 ~ 2V7IW440 1, W420 < 0: two ears, ears in TD, hollows in RDj 
4. W420 = 0, W440 > 0: the ideal case of 90° earing, four equal ears in RD and TD, 
four equal hollows in the directions at an angle of 45° to RD or TDj 
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5. W420 = 0, W440 < 0: the ideal case of 45° earing, four equal hollows in RD and 
TD, four equal ears in the directions at an angle of 45° to RD or TDj 
6. IW4201 < 2V71 W440 1 , W420 > 0, W440 > 0: four ears, two longer ears in RD, two 
shorter ears in TDj four equal hollows in the directions at an angle a to TD, 
where 0° < a < 45° satisfies the equation 
W420 
cos2a=,r,:; j 
2y7W440 
(20) 
7. IW420 / < 2V7IW4401, W420 < 0, W440 > 0: four ears, two longer ears in TD, two 
shorter ears in RDj four equal hollows in the directions at an angle a to TD, 
where 45° < a < 90° satisfies Eq. (20); 
8. IW4201 < 2V7IW440 1, W420 > 0, W440 < 0: four equal ears in the directions at an 
angle a to TD, where 45° < a < 90° satisfies Eq. (20); two deeper hollows in 
TD, two shallower hollows in RD; 
9. IW4201 < 2V7IW440 /, W420 < 0, W440 < 0: four equal ears in the directions at an 
angle a to TD, where 0° < a < 45° satisfies Eq. (20); two deeper hollows in RD, 
two shallower hollows in TD. 
It is interesting to note that earing positions for the case of plane stress depend only 
on the texture coefficients W420 and W440 j in particular, they are independent of the 
material parameters (:J and Yo. 
The case of plane strain is much simpler. Following Hill ([1], p. 334), we easily 
deduce that the yield criterion, to first order in the products (:JW400, (:JW420 and 
(:JW440, is given by the equation 
1 ( 6411"2 ) ( )2 2 2 
-4 1 - ~(:JW440 Tn - T22 + T12 = T , 3y35 (21) 
where T2 = (1';,2/3)(1 - 4(:J06/3). It follows that the angular dependece of the tensile 
yield stress is given by 
6411"2 
u( 0) = 2T(1 - ~(:JW440 cos2 20t1/2. 
3y35 (22) 
A simple computation reveals that there are only three possibilities as regards earing 
positions when (:J > 0: (i) 90° earing (cf. sub case (4) for plane stress) if W440 > 0; (ii) 
45° earing (d. sub case (5) above) if W440 < 0; (iii) no earing if W440 = o. 
As remarked by Hill ([1], p. 329), plain strain "is rarely attained in practice 
owing to the elasticity of the apparatus", but plane stress would be realized if "the 
space between the [blank-]holder and the die is so much wider than the sheet 
thickness that negligible normal force is exerted in the early stages." Let us suppose 
that the cupping tests reported in the articles of Lu et al. [7] and Thompson et al. [8] 
were performed under conditions approximating those of plane stress. Suppose further 
that the plastic behavior of the weakly anisotropic blanks in question is governed by 
yield functions defined by Eqs. (5), (10) and (11) above. While Hill's "simple 
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method" does not give any information on the magnitude of the percent earing £r, 
the foregoing analysis does suggest that under otherwise identical testing conditions 
fr would depend on both the coefficients W420 and W440 in tests that result in cups 
with four ears, i.e., £r = f r(W420 , W440 ). If the preceding function is smooth, then 
weak anisotropy implies that fr :::::: Cl W420 + C2 W440 , where Cl and C2 are constants. 
This raises the question whether in addition to W440 , the coefficient W420 would also 
playa significant role in the correlation between fr and texture. This question could 
be answered only by further theoretical and experimental investigations. 
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